We study adiabatic pumping of electrons through quantum dots attached to ferromagnetic leads. Hereby we make use of a real-time diagrammatic technique in the adiabatic limit that takes into account strong Coulomb interaction in the dot. We analyze the degree of spin polarization of electrons pumped from a ferromagnet through the dot to a nonmagnetic lead (N-dot-F) as well as the dependence of the pumped charge on the relative leads' magnetization orientations for a spinvalve (F-dot-F) structure. For the former case, we find that, depending on the relative coupling strength to the leads, spin and charge can, on average, be pumped in opposite directions. For the latter case, we find an angular dependence of the pumped charge, that becomes more and more anharmonic for large spin polarization in the leads.
I. INTRODUCTION
Charge and spin transport through a nanoscale conductor can be obtained, in the absence of a transport voltage, by periodically varying in time some of its parameters. If the time dependence of the system is slow compared to its characteristic response time, we refer to this transport mechanism as adiabatic pumping. This particular regime allows us to study the properties of a system being slightly out of equilibrium due to an explicit time-dependence of its parameters. Numerous works have studied mesoscopic pumps both theoretically 1, 2, 3, 4, 5 as well as experimentally. 6, 7, 8, 9, 10 The established framework to calculate the pumped charge through a mesoscopic scatterer is based on the dynamical scattering approach. 1, 11 This approach can be applied when the Coulomb interaction can be neglected or treated within the Hartree approximation. Recently, the interest in including the effects of Coulomb interaction beyond the Hartree level to the problem of adiabatic pumping has arisen. 12, 13, 14, 15, 16, 17, 18, 19, 20 Spin-dependent transport through nanostructures has recently attracted a lot of interest. A model example is a quantum-dot spin valve, which consists of an interacting (single-level) quantum dot attached to two ferromagnetic leads (F-dot-F), see Fig. 1 . The leads have, in general, non-collinear magnetization directions and different polarization strengths. Transport through a quantum-dot spin valve with noncollinear leads has been studied extensively in the dc limit. 21, 22 In magnetic multilayers the tunneling current depends chiefly on the relative orientation of the magnetization of the ferromagnetic layers.
23,24
The situation is more complex in a quantum-dot spin valve due to the interplay of the lead magnetization, Coulomb interaction, non-equilibrium spin accumulation, and quantum fluctuations. In particular, a finite spin accumulation is generated on the dot, which plays an important role in determining charge transport. In the present paper we combine the ideas of adiabatic pumping and spin-dependent transport through interacting nanostructures. We consider two scenarios. First, we focus on the situation when only one of the two leads is ferromagnetic (N-dot-F), for which we study the spin pumped into the non-magnetic lead. Spin pumping in systems where the spin degeneracy is lifted by a magnetic field has been the subject of several studies. 10, 14, 18, 25, 26 Furthermore spin pumping by means of electrical gating only was predicted in a system with Rashba spinorbit coupling. 27 Several aspects of a noninteracting spin pump based on ferromagnets were studied in Ref. 28 . Spin pumping through an interface between a ferromagnet and a non-magnetic metal has been investigated in Ref. 29 , where the pumping cycle is realized exploiting the precession of the magnetization of the ferromagnet. In our setup we are interested in spin pumping obtained by varying periodically the properties of the scattering region, such as the dot level position and the tunneling strength to the left and the right lead, but leaving the lead properties, as e.g. their magnetizations, constant in time. A particular intriguing result for the system under consideration is that, depending on the relative coupling strength between dot and leads, spin and charge can on average be transported in opposite directions.
Second, we consider the case that both leads are spin polarized (F-dot-F). We study the influence of the spin polarizations of the leads on the pumped charge and on the average spin accumulated on the quantum dot during a pumping cycle. As a result, we find that also the pumped charge displays the spin-valve effect, i.e., a dependence on the relative angle between magnetization direction of the leads. For stronger spin polarization of the leads, the pumped charge becomes a more and more anharmonic function of the relative angle.
In order to calculate the charge and the spin pumped through the dot we use real-time diagrammatic technique in the adiabatic limit 19, 30 and perform a rigorous perturbation expansion in the tunnel coupling to the leads. We consider the system in the regime of weak coupling, considering only first-order processes in the tunnel-coupling strengths.
II. MODEL AND FORMALISM

A. Hamiltonian
We consider a single-level quantum dot contacted by tunnel barriers to two ferromagnetic leads with different spin polarization axes, as shown in Fig. 1 . For finite spin polarization in both leads (F-dot-F), the system is called a quantum-dot spin valve. The limit of one normal and one ferromagnetic lead (N-dot-F) is included by setting the spin polarization of one lead to zero. The total Hamiltonian of the system can be written as
It consists of the Hamilton operators for the dot, for the left (L) and right (R) lead and for electron tunneling between dot and leads. The single-level quantum dot is described by the Hamiltonian
where the operator d † σ (d σ ) creates (annihilates) an electron with spin σ =↑, ↓ on the dot and n σ = d † σ d σ is the number operator for electrons with spin σ. The strength of the Coulomb interaction between electrons on the dot is denoted by U , which can be arbitrarily large. The energy level ǫ σ (t) =ǭ σ + δǫ σ (t) of the dot can vary in time.
In the following, we assume the dot level to be spin degenerate, i.e. ǫ ↑ (t) = ǫ ↓ (t) = ǫ(t). The Hamiltonian of the lead α, with α = L, R is given by
We choose the spin quantization axis of lead α along the direction of its magnetization,n α . The spin σ of an electron in lead α can take the values σ = ±, where + refers to the majority spin and − to the minority spin of this lead. We choose a coordinate system with the three basis vectorsê x ,ê y andê z , pointing alongn L +n R ,n L − n R andn R ×n L respectively, in analogy to the definition in Ref. 21 . The angle between the spin quantization axis of the left lead,n L , and the spin quantization axis of the right lead,n R , is given by φ. We show a sketch of the coordinate system and of the magnetization directions of the leads in Fig. 1 . As spin quantization axis of the dot we take the z-axis of this coordinate system. With this choice the tunneling Hamiltonian reads
The tunnel matrix elements, V L (t) and V R (t), can be both time dependent. The generalized tunnel rates are defined by Γ α (t,
Here ρ α,σ is the density of states of the spin species σ in lead α, which is supposed to be constant. The spin polarization of lead α is defined as
and it can take values between 0 and 1.
B. Real-time diagrammatic approach
The Hilbert space of the single-level quantum dot is four dimensional, and it is spanned by the states χ = 0, ↑, ↓, d (empty dot, singly occupied dot with spin up, singly occupied dot with spin down, doubly occupied dot). On the other hand, the non-interacting leads attached to the dot have a large number of degrees of freedom and act as baths. Hence, we can trace them out to obtain an effective description of the quantum dot. The dot dynamics are fully described by its reduced density matrix, ρ dot , with matrix elements P χ1 χ2 = χ 2 |ρ dot |χ 1 . We introduce also the notation P χ = P χ χ for the diagonal matrix elements (probabilities). The time evolution of the reduced density matrix is governed by the generalized master equation
′ with the states χ 1 and χ 2 at time t. It is useful to define the vector of the average occupation probabilities P = (P 0 , P 1 , P d ) = (P 0 , P ↑ + P ↓ , P d ) and the spin expectation value, in units of , S = (S x , S y , S z ), whose components are given by
Since we consider spin-degenerate dot levels, E ↑ = E ↓ , we can drop the first term on the r.h.s. of Eq. (6). We are concerned with adiabatic pumping, where no transport voltage is applied across the dot. The leads are therefore described by the same Fermi function f (ω). As a consequence, the instantaneous current through the dot vanishes, and we need to consider the first adiabatic correction in order to obtain the pumping current through the dot. We perform an adiabatic expansion along the lines of Ref. 19 . We start by performing a Taylor expansion around the time t of P(t ′ ) appearing inside the integral on the r.h.s. of the generalized master equation
This expansion is justified by the fact that the response time of the system is much smaller than the timescale of the parameter variation in time. We then expand the kernel itself as
The superscript i(a) denotes the instantaneous contribution (its adiabatic correction). The instantaneous contribution corresponds to freezing all parameters to their values at time t, i.e. X(τ ) → X(t). The adiabatic correction is obtained by linearizing the time dependence of the parameters, i.e. X(τ ) → X(t) + (τ − t)d/dτ X(τ )| τ =t , and retaining only first-order terms in the time derivatives. Finally, we perform the adiabatic expansion of the elements of the reduced density matrix
The subscript t in Eqs. (9) and (10) denotes the time with respect to which the adiabatic expansion is performed. This time t enters the respective quantities parametrically; both the instantaneous and the adiabatic correction to the kernel are functions of the time difference (t − t ′ ). At this stage, it is convenient to introduce the zero-frequency Laplace transform of the kernel
to evaluate the kernel of the master equation we perform, on top of the adiabatic expansion, a perturbation expansion in the tunnel coupling Γ. In the following we take into account processes in first order in the tunnel coupling. This approach is valid in the weak-coupling limit, i.e. k B T ≫ Γ. At the same time the condition for adiabaticity, Γ ≫ Ω, needs to be fulfilled. The instantaneous occupation probabilities and their adiabatic corrections obey the equations
The number in the superscripts designates the order in the perturbation expansion in the tunnel coupling. The fact that we find elements of the reduced density matrix in minus first order in the tunnel coupling is consistent with our perturbative scheme, as those terms are proportional to Ω/Γ, which is small in the adiabatic limit. The evaluation of the matrix elements of the kernel is done using a real-time diagrammatic technique, which was developed in Ref. 30 , extended to systems containing ferromagnetic leads in Ref. 21 , and extended to adiabatic pumping in Ref. 19 . The adiabatic correction to the matrix elements of the kernel does not appear in lowest order in the tunnel coupling, as considered in this paper. The equations for the instantaneous probabilities and for the adiabatic correction to the probabilities can be summarized as
Similarly, the equations for the expectation value of the spin read
where we introduced the notation p α = p αnα . The interaction-induced exchange field or effective B-field appearing in Eq. (14) is given by the principal-value integral
The instantaneous elements of the reduced density matrix are obtained by setting the left hand side of Eqs. (13) and (14) to zero and by assigning superscripts (i, 0) to the vectors P and S on the right hand side of the equations. The first adiabatic corrections to the elements of the reduced density matrix are obtained by assigning to the vectors P and S the superscripts (i, 0) on the left hand side of the equations and the superscripts (a, −1) on the right hand side.
III. RESULTS
Starting from the master equation we compute both the instantaneous matrix elements of the reduced density matrix and their first adiabatic correction. These are needed as an input for calculating the spin and charge current.
A. Dot occupation and spin
The fact that no transport voltage is applied to the system has important consequences on the occupation probabilities and the expectation value of the spin. To lowest order in the tunnel-coupling strength Γ, the instantaneous occupation probabilities are given by their equilibrium values, i.e. by the Boltzmann factors of the respective states
where β = 1/k B T is the inverse temperature, E χ (t) the energy of the dot state χ, and Z the partition function. The spin expectation value vanishes,
When considering only first-order tunneling processes, the adiabatic correction to the reduced density matrix is linear in Ω/Γ. While the spin polarization of the leads has no influence on the instantaneous probabilities, the situation is different for the adiabatic correction, which reads
with the charge relaxation time given by τ
.
(19) We find non-vanishing contributions to the off-diagonal terms of the reduced density matrix, which vanish for zero polarization in the leads. The spin expectation value reads
where the spin relaxation time τ
tion of the expression for τ S rel is given in Appendix A). Notice that the first adiabatic correction is the leading contribution to the expectation value of the dot spin. Furthermore, a time-dependent dot spin can be accumulated only by varying in time the occupation of the dot. The adiabatic correction to the spin component is parallel to the exchange field, introduced in Eq. (15) . Therefore no precession of the spin around this field takes place. This is different from the case of a time-independent but biased spin valve. 21 Finally, we remark that the limit where both leads are fully polarized along the same magnetization axis, φ = 0 and p L = p R = 1 is ill defined; in fact, in this case the life time of a minority spin in the dot diverges and consequently in order for the adiabatic expansion to hold the pumping frequency needs to be zero.
B. Pumping Current
The results for the dot occupation probabilities and the expectation value of the spin on the dot serve to calculate the pumping current. Using a similar approach as for the generalized master equation we write the current into the left lead as
where
Lq
(t, t ′ ), and
is the sum of all processes, describing transitions where the difference of the number of electrons entering and leaving the left lead is equal to the integer number q. We compute the first order adiabatic correction to the current including only first-order tunneling processes. We find
In the following we suppress the superscript (a, 0) for the current, since the instantaneous current is always zero and I
(a,0) L (t) is therefore the dominant contribution. The current is of zeroth order in the tunnel coupling and proportional to the pumping frequency Ω. To this order in the tunnel-coupling strengths, the pumped current is non-vanishing only if the dot level position is one of the pumping parameters, since P
is proportional to the time derivative of the dot level position. We find for the pumping current
where we have defined the quantity π(t) = α Γ α (t)p α /Γ(t) = α π α (t), which depends on time via Γ α (t). The pumped current consists of two terms of different origin: the first one is independent of the lead polarizations, and can be interpreted as arising from a peristaltic mechanism;
19 the second term depends on the polarizations and can be seen as arising from the relaxation of the accumulated spin on the dot. The latter contribution due to spin relaxation can be either positive or negative depending on the polarization strengths, polarization directions and tunnel coupling to the different leads. This means that the time-resolved current can be enhanced with respect to the non-magnetic case, in contrast with the spin-valve effect in a time-independent system, which always leads to a current suppression. Similarly, we will see later that also the charge pumped through the dot per period is always suppressed due to the polarization of the leads. Therefore, this inverse spin-valve effect is observable only in the time-resolved current response. The effect could be investigated experimentally by means of time-resolved measurements or by rectifying the current response. Reduction or enhancement of the current can be achieved by tuning the tunnel coupling or the lead magnetizations.
C. N-dot-F: Spin Pumping
We now turn our attention to spin pumping in a setup where only one of the leads, the right one for the sake of definiteness, is ferromagnetic. We calculate the spin pumped in the unpolarized left lead.
The instantaneous contribution to the reduced density matrix is independent of the polarization and therefore remains unchanged. The first adiabatic correction for the occupation probabilities and the dot spin are given by Eq. (18) and Eq. (20), respectively, with p L = 0.
The charge current through such a N-dot-F system can be obtained directly from Eq. (22) by setting p L = 0 and it reads
For calculating the spin current, we chose a global spin-quantization axis parallel to the magnetization of the right lead. In this basis the reduced density matrix does not have any off-diagonal terms. We find for the spin current
The ratio of the time-resolved spin and charge currents, Eq. (23) and Eq. (24), reads
This ratio is, in general, time dependent. The timeresolved spin current is smaller than the time-resolved particle current at any time t. The ratio of these two currents is always positive, implying that spin and charge flow in the same direction, as expected. The situation is different, for the spin (in units of /2) and the charge (in units of −e) pumped per period. We calculate the pumped charge and spin for the following two choices of pumping parameters, {Γ L , ǫ} or {Γ R , ǫ}, in bilinear response, i.e. we calculate the pumped charge and spin per infinitesimal area in parameter space. The result for the ratio of the pumped spin (in units of /2) per period, N S , and the pumped charge (in units of −e) per period, N , reads
It turns out that the efficiency of the spin pump does not depend on which pair of pumping parameters one chooses. In Fig. 2(a) , we plot the ratio of pumped spin to pumped charge as a function of the relative tunnelcoupling strengthΓ R /Γ, where the bar indicates timeaveraged quantities, for different values of the polarization of the right lead. The absolute value of the ratio is maximally equal to one in the case of full polarization of the right lead. For p R < 1, this ratio goes from −p R for vanishingΓ R to p R for vanishingΓ L changing its sign for
This is a very intriguing result, which implies that the respective direction in which spin and charge are pumped depends on the coupling to left and right lead.
The average pumped charge and the average pumped spin can have opposite signs, while the time-resolved spin and charge currents flow in the same direction at any instant of time, due to the fact that the ratio of the timeresolved currents, Eq. (25), is itself time dependent. To elucidate this, in Fig. 3 , we plot the time-resolved spin and charge currents as a function of time for a configuration, where the pumped spin and charge per period have different signs. Note that the charge current has a positive average and the spin current has a negative average, while both currents flow in the same direction at any time.
We now contrast the results for the pumped spin and charge with the dc transport properties of the N-dot-F system. We find for the spin and charge currents
which, in the linear response regime, yields for the ratio of the spin to the charge conductance
The linear conductance ratio is shown in Fig. 2(b) . Its behavior is completely different from that obtained by pumping. First, the spin polarization decreases as a function ofΓ R /Γ and, second, it stays always positive. Finally, we consider the spin accumulated on the dot in one pumping period. We find two different results depending on whether {Γ L , ǫ} or {Γ R , ǫ} are the pumping parameters:
S (a,−1)
where the area of the cycle in parameter space, η, is defined as η = the same values ofΓ R /Γ at which the the ratio I S L /I L changes its sign. On the contrary, when pumping with Γ L and ǫ, the average spin polarization of the dot does not change sign as a function ofΓ R /Γ, while the ratio I S L /I L still does.
D. F-dot-F: Spin-Valve Effect
We now consider the spin-valve setup with both leads having arbitrary spin polarizations. We compute the number of pumped charges per period, N = − 1 e T 0 dtI L (t), in bilinear response in the pumping parameters. For the pumping cycle defined by ǫ(t) = ǫ + δǫ(t) and Γ L (t) =Γ L + δΓ L (t), the number of pumped charges per period reads
∂ǫ ∂t δΓ L being the area of the cycle in parameter space. Notice that the charge number in Eq. (32) is a product of two terms, where one contains effects of interactions and another one effects of the leads' magnetization.
In the following we show results for the case that both leads have the same spin polarization strength. This corresponds to the experimentally relevant situation that both leads are realized with the same ferromagnetic material. In Fig. 4 , we show the pumped charge as a function of the level position for different values of the angle between the directions of the magnetizations of the two leads. The pumped charge shows a peak when the energyǭ orǭ + U are close to the Fermi energy, similarly to pumping through a quantum dot contacted to two nonmagnetic leads (N-dot-N). 19 As far as the dependence on the angle between the magnetization of the two leads φ is concerned, for φ ∈ [0, π], the charge is monotonically suppressed for increasing φ until a minimum is reached for φ = π as in the usual dc spin-valve effect. The full φ-dependence of the pumped charge is shown in Fig. 5 , where we plot N (φ)/N (φ = 0). This result does not depend on the value of the level position and of the interaction strength, since the dependence onǭ and U cancels out when we divide by N (φ = 0). We notice that the suppression of charge pumping is stronger for higher lead polarizations. Furthermore, the more the lead polarization is increasing the stronger the behavior of the pumped charge as a function of the angle deviates from a cosine law.
In Fig. 6 , we show the pumped charge as a function of the lead polarization strengths for different values of the angle between the magnetization directions. This plot confirms that the pumped charge decreases for increasing spin polarization of the leads. The charge suppression is strongest when φ is near to π. Independently of the angle between the polarization axis of left and right lead, the pumped charge goes to zero for fully polarized leads. It is important to point out that this last property depends on the order in which limits are taken, since the two limits φ → 0 and p L = p R → 1 do not commute, as was already mentioned in section III A. In fact, comparing Fig. 5 and Fig. 6 we notice that in the first case the charge is maximal for φ = 0 even for the polarization increasing towards one, while in the second case for p L = p R = 1, the charge is maximally suppressed even for φ going to zero. The spin, which is accumulated on the dot during one pumping cycle is given by
where the pumping parameters are chosen to be Γ L and ǫ. The result for pumping with Γ R and ǫ is easily obtained by swapping the indices L and R. Depending on the spin polarization of the leads and on the values of tunnel-coupling strengths, the average spin on the dot can point along any direction in the plane containing the magnetizations of the leads.
IV. CONCLUSIONS
We have investigated adiabatic pumping through a single-level quantum dot with ferromagnetic leads in the regime of weak tunnel coupling between dot and leads, by means of a real-time diagrammatic approach. In the case that only one lead is ferromagnetic, we have computed the spin injected in the non-magnetic lead by pumping. We have found that, depending on the relative strength of the tunnel coupling to the leads, spin and charge can be pumped, on average, in opposite directions. For the case when both leads are polarized, we have found a suppression of the pumped charge by means of the spin-valve effect and determined the average spin accumulated on the dot during one pumping cycle.
APPENDIX A: RELAXATION TIMES
In this appendix, we calculate the spin and charge relaxation times. In order to calculate the spin relaxation time, we consider the case when the charge on the dot is in equilibrium and the occupation probabilities are therefore given by the Boltzmann factors. Then Eq. (14) simplifies to
where we also made use of the fact that the spin is always parallel to the exchange field. The spin relaxation time is therefore given by
In order to calculate the charge relaxation time, we consider Eq. (13), where we take the spin in equilibrium, such that S = 0. Then, we find for the dot occupation number
Taking into account that the sum over the occupation probabilities has to be equal to one at any instant in time, we find
where n eq is the equilibrium occupation number of the dot. The charge relaxation time is therefore given by
